Answer Q3
Equations of motion:

d*u

m dtzl =k(u,—u)+k(uy—u,)
d’u,
e =k(uy—u,)+k(u, —u,)
d2

M = ke, —uy) + ke, —uty)

dt®

Substituting u, (1) =u, (0) cos @ and @, =~
m

Qo,’ - u, (0)-a, u, (0)~w, u,(0)=0 (a)
—0,"u,(0)+ 2w, — 0> )u,(0) -0, u,(0)=0 (b)
0,1, (0)—@." 1, (0)+2w,” —@*)u,(0)=0 ()
Solving for u#;(0) and u,(0) in terms of u3(0) using (a) and (b) and substituting into (c) gives the
equation equivalent to
Gw,’-w*)’'® *=0
o’ =30, 30, and 0
w :\/Ea)o, \/ga)v and 0

(i1) Equation of motion of the n’th particle:
d’u,
mm_zzk(ul+n_un)+k(un—l_un) n:1,2 ...... N
d2un

dt®

:k(an _un)+a)02(un—l_un)
Substituting u, (t) =u, (0) sin(Zns %j cos @, t
— | sin| 2ns Z || = @, sin| 2(n+1)s Z |~ 2sin| 2ns 2 | +sin| 200~ 1)s =
N N N N
— 0] sinf 205 % | | = 20,2 | Lsin] 2004+ 15 |- sin| 205 7 | =L sin[ 200-1)s
: N 2 N N) 2 N
—wvz sin| 2ns = =2a){,2 sin| 2ns 2 |cos| 25 |-sin| 2ns =
: N N N N

wSZZZwOZ[I—COS(ZS%H: (s=12,....N)

As 2sin* 8=1-cos?28
This gives

0. =20, sin(ﬂj (s=12,..N)
: N

f k .
o, can have values from 0 to 2w, =2,|— when N — oo; corresponding to range s =1 to %
m



(iv) For s’th mode

sin(Zns 7[]
u, N

nst sir{z(ml)s;’]j

sin(Zns zj
u, N

U sin(Zns ;j cos(Zs ;j + cos(Zns ;j sin(Zs ;j

(a) For small o, (ij = (, thus cos(Zns ﬁj =land= sin(Zns ﬁj = (), and so “ =1.
N N N

u

n+l

(b) The highest mode, w,,, =2®,, corresponds to s = N/2

o u, ~ 1 as sin(Znn') _

“u,., sin(2(n+1)7)
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Case (b)
N odd
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(vi) If m' << m, one can consider the frequency associated with m' as due to vibration of m'
between two adjacent, much heavier, masses which can be considered stationary
relative to m'.

The normal mode frequency of m', in this approximation, is given by

For small m', @' will be much greater than @ .y,
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DIATOMIC SYSTEM

More light masses, m', will increase the number of frequencies in region of @' giving a band-
gap-band spectrum.
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