Solution Problem 1

a)Calculation of the velocity at the instant before impact

Equating the potential gravitational energy to the kinatiergy at the instant before impact we can arrive
at the pre-impact velocity:
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from which we may solve fay as follows:

Vo = /2gh 2

b)Calculation of the vertical component of the velocity at thaimsafter impact
Let v, andv,, be the horizontal and vertical components, respegfie¢ithe velocity of the mass center
an instant after impact. The height attained in #ivéical direction will beah and then:

V3, = 2gah 3)

from which, in terms oér (or the restitution coefficient = JE ):

Vay = 42000 = cw (4)

c)General equations for the variations of linear and angular momerttgeitime interval of the
Impact
Figure 1.2 shows the free body of the ball during impact
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Considering that the linear impulse of the forces is etqutiie variation of the linear momentum and
that the angular impulse of the torques is equal to thaticar of the angular momentum, we have:
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ly= J.N(t)dt =my + mwy = m(l+c) 4/2gh (5)
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Wherel,, I, andl, are the linear and angular impulses of the acting $caioeley is the angular velocity
after impact. The times andt, correspond to the beginning and end of impact.

Variants

At the beginning of the impact the ball will alwaysdbeling because it has a certain angular velaoity
There are, then, two possibilities:

I. The entire impact takes place without the fricti@mnlg able to spin the ball enough for it to stop at the
contact point and go into pure rolling motion.

Il. For a certain timet O (ty, ty), the point that comes into contact with the floasta velocity equal to
zero and from that moment the friction is zero. Lelibok at each case independently.

Case |

In this variant, during the entire moment of impdug ball is sliding and the friction relates to the narm
force as:

f, = Nt (8)
Substituting (8) in relations (6) and (7), and using (5)fimeéthat:
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and: :
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lb = R .[N(t)dt = Ru,m1+0c) \/ﬁ = (o — Uo) (10)
which can givetth the horizontal component of thecigle,, and the final angular velocity in the form:
Vo = pc(1+0) y/2gh (11)
W= a - m J2gh (12)

With this we have all the basic magnitudes in termdaté. The range of validity of the solution under
consideration may be obtained from (11) and (12). This solutill be valid whenever at the end of the
impact the contact point has a velocity in the direatibiihe negative. That is, if:

@R > Vo

o - ﬂkmFT(1+C) J2gh > ,Uk(t:c) J2gh

I (13)

so, for angular velocities below this value, gblution is not valid.

@ > HNegn ”Rzgh (1+c) (ﬂ +1j

Case Il
In this case, rolling is attained for a timbetween the initial tim& and the final time; of the impact.
Then the following relationship should exist betweenhtbézontal component of the velociy, and the
final angular velocity:

R = vy (14)
Substituting (14) and (6) in (7), we get that:
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which can be solved for the final values:
|, lawyR 2

Vo = = > = — R (16)
mR+  MREHL 7
R
and:
|, 2
W= —=— @ 17
mR? + | 7 )

Calculation of the tangents of the angles

Case |
For tan® we have, from (4) and (11), that:
ang = Vo, _ M (@+cC)y2gh » (1+c)
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tan® = wy d+c) (18)
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i.e., the angle is independentaaf
Case |l
Here (4) and (16) determine for té&nthat:
Vs, lawyR 1 IR
tané = = >
V,y | +mR* ¢/2gh (| +mR)c,/2gh
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tanfd = ———— (29)
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then (18) and (19) give the solution (fig. 1.3).
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Figute 1.3
We see tha# does not depend an, if wo > @Womin; Where womin is given as:
H (L+c)y/2gh (1+j

R

Womin =



Womin = 7ﬂk (1;;) Zgh (20)

Calculation of the distance to the second point of impact

Case |
The rising and falling time of the ball is:

\% 2c¢,/2gh /
t, = 22X = “cy<gn = 2 2_h (21)
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The distance to be found, then, is;

d = vt = u(1+0) 4/2gh2c /Zh
g

d = 4u(1+c)ch (22)
which is independent ofo,,.

Case |l

In this case, the rising and falling time of the ball & the one given in (21). Thus the distance we are
trying to find may be calculated by multiplyingby the velocityv,, so that:

d = vt Zch
= Vody = R2+|
d||=ﬂC 2_th0
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Thus, the distance to the second point of impact dbaéfiencreases linearly withw,.

Marking Code

The point value of each of the sections is:
la 2 points
1b 1.5 points
l.c 2 points

2.a 2 points
2.b 1.5 points
3 1 point



